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1 Introduction 

Let B{%) be the C*-algebra of all bounded linear operators on a complex separable Hilbert space 
"H. stands for the set of positive elements in B{7i). A linear map 4>: B{J-i) — )• H(/C) is 

said to be positive if <h(A) > 0 whenever A > 0. A positive linear map is said to be normalized 
(unital) if it maps In, the identity operator, to Im- Note that a positive linear map is monotone 
in the sense that A < B implies $(A) < 4>(R). P stands for the convex cone of positive invertible 
operators. denotes the simplex of positive probability vectors in M” convexly spanned by 
the unit coordinate vectors. || • || and ||| -1|| denote the operator norm and the unitarily invariant 
norm, respectively, tr is the trace functional. 

In [15], Lim and Palfia have proposed power means of positive definite matrices and their 
notion and most of their results readily extended to the setting of positive invertible operators 
on a complex Hilbert space (See [T3]L 

Definition 1.1. (Power means) Let A = (Ai, A 2 , • • • , A„) £ P” and oj £ A„. For t £ [—1,1], 
the power means Pt{uj-,A) is defined as the unique positive definite solution of the following 
non-linear equations: 

n 

X = Y,uji{X^tAi), /or t£ (0,1], 

i=l 

n 

X = Y,ojfiX-H_tA-^)-\ for t £ [-1,0), 

i=l 

where Ajj^H := A 2 (A“ 2 i?A “2 )*A 2 is the t-weighted geometric mean of A and B. Pt{u};A) is 
called the uj-weighted power mean of order t of Ai, A 2 , ■■ ■ ,A„. To simplify the notation, we 
write Pt{A) = -Pt(bb'" 
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Since the power means Pt{oj-,A) is increasing for t £ \ {0}, it interpolates between 

the weighted arithmetic mean and harmonic mean: Pi(a;;A) = ^^=iWiAi and P_i(a;;A) = 

Let t £ (0,1] and / : P —)• P defined by f{X) = ^iiX^tAi). Then by the Loewner-Heinz 
inequality, / is monotone: X <Y implies f{X) < f{Y). By Theorem 3.1 and Remark 3.4 of 
m, / is a strict contraction for the Thompson metric and has a unique fixed point by the 
Banach fixed point theorem: 

lim f{X) = Pt{uj]A), X £ P. 

fc^OO 

Since the pioneering papers of Pusz and Woronowicz m, Ando [ 1 ], and Kubo and Ando 
|12j . an extensive theory of two-variable geometric mean has sprung up for positive opera¬ 
tors: For two positive operators A and B, the operator geometric mean is defined by A^B := 
A 2 (^A ~2 BA~ 2 'j 2 A 2 for A > 0. Once one realizes that the matrix geometric mean A^B is the 
metric midpoint of A and B for the trace metric on the set of positive definite matrices of some 
fixed dimension (see, e.g., mm)- The operator geometric mean has many characterizations. 
For example, 

A^B = max I A \ X = X*, 

and A‘^B is the unique positive solution of the Riccati equation XA~^X = B. Moreover, it 
is monotone, jointly concave and congruence invariant and A^B = B‘^A. But the n-variable 
case for n > 2 was a long standing problem and many authors studied the geometric mean of 
n-variable. 

In 2004, Ando et al.[2] succeeded in the formulate of the geometric mean for n positive 
definite matrices, and they showed that it satisfies ten important properties: 

Definition 1.2. (Ando-Li-Mahthias geometric mean[2]) Let Ai {i = 1,2, - ■ ■ , n) be positive 
definite matrices. Then the geometric mean Galm{Ai,A 2 ,--- ,A„) is defined by induction as 
follows: 

(i) Galm{Ai,A2) = Ai#A2. 

(ii) Assume that the geometric mean of any n — 1-tuple of operators is defined. Let 



GALMi{Aj)jjti) = Galm{Ai, - ■ ■ , Ai_i, Aj+i, • • • ,A„), 
let sequences be Af^'^ = Ai and a\^'^ = Galm{{A^J' If there exists 

(r) 

lim^-^-oo Ai , and it does not depend on i, then the geometric mean of n-matrices is 
defined as 

lim aP = Galm{Ai,A 2 , ■■■ , An). 

r—¥oo 

In [15], Yamazaki pointed out that the definition of the geometric mean by Ando, Li and 
Mathias can be extended to Hilbert space operators. Lawson and Lim m established a definition 
of the weighted version of the Ando-Li-Mahthias geometric mean for n positive operators, we 
call it Lawson-Lim geometric mean. Following [13], we recall the dehnition of higher order 

weighted geometric mean G[n,t] with t £ (0,1) for n positive operators Ai,A 2 ,--- ,A„. Let 

i _i _i 1 

G[2,t](Ai, A 2 ) = AitltA 2 = A^(A^ ^A 2 A^ ^fiAf (the unique geodesic curve containing A and B 

and its unique metric midpoint AJjR = AjjiR is the geometric mean of A and B). For n > 3, 

2 

G[n, t] is defined inductively as follows: Put A-^^ = A, for all f = 1,2, • • • , n and 



G[« -1, *1 (At-'*, ..., .4.!;7y. ■ ■ , . 4 I'-')) 
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inductively for r. Then the sequences have the same limit for all i = 1, 2, • • • , n in the 

Thompson metric. So G[n, ^ 2 , • • • > An) = limj.^oo a\^\ In particular, G[n, |] for t = ^ is 
the Ando-Li-Mathias geometric mean. 

Similarly, the weighted arithmetic mean is defined as follows: Put A® = A* for all i = 
1,2, • • • , n and 



A[n 


l,t] 



A[n — 1, t] { A^ 


ih-i) 


A 


i+1 


a(’’-i) 

? -^n 


inductively for r. Then the sequences {A-^^} have the same limit for all i = 1,2, •• • ,n. If we 
put A[n, t](Ai, A 2 , • • • , An) = lim^-j-oo Af \ then it is expressed by 

A[re,t](Ai, A 2 , • • • ,An) = t[re]iAi + t[re]2A2 H-h t[n]nAn, 

where t[n\i > 0 for all i = 1, 2, • • • , n with i[n\i = 1. Also, the weighted harmonic mean 
H[n, t](Ai, A 2 , • • • , An) is defined as 

i?[n,t](Ai,A2,--- ,An) = (t[n]iA^^ + t[n]2A^^ H- V t[n]nAn^)~^ . 

Note that the coefficient {t[n]j} depends on n and t only, see [H [21] for more details. 

Moreover, the weighted arithmetic-geometric-harmonic mean inequality holds: 


i?[n,t](Ai, A 2 , • • • ,An) < G[n,t](Ai, A 2 , • • • ,A„) < A[n, t](Ai, A 2 , • • • ,A„). (1.1) 

Since then, another approach to generalizing the geometric mean to n-variables, depending on 
Riemannian trace metric, was the Karcher mean, which was studied by many researchers, see 
[nKE] and the reference therein. Let A = Ai, A 2 , • • • , A„ G and u = {wi,W 2 , ■ ■ ■ ,Wn) G A„. 
By computing appropriate derivatives as in mm. the a;-weighted Karcher mean of A, denoted 
by GxioJ^A), coincides with the unique positive definite solution of the Karcher equation 

n 

^u;aog(xiA-^X-5) = 0. (1.2) 

i=l 

In the two operators case, Ai, A 2 G P, the Karcher mean coincides with the weighted geometric 

1 _i _i_ 1 

mean AitttA 2 = A^ (A^ ^A 2 A^ ^)*A^. From (II.2p . the Karcher mean satisfies the self-duality 
Gi^(a;;A) = Gk{oJ] A~^)~^, where A“^ = (A^^,A^^,-- - ,A“^). Lim and Palfia [l5] also estab¬ 
lished that the Karcher mean is the limit of power means as t —>• 0 in the finite-dimensional 
setting: 

hmPt(a;; A) = Gx(w; A), (1.3) 

then Lawson and Lim m showed (11.31) is valid in the infinite-dimensional setting. 

2 Preliminary 

Tominaga [23] and Alic et al.[T] showed the following non-commutative arithmetic-geometric 
mean inequality: For positive invertible operators Ai and A 2 such that m < Ai,A 2 < M for 
some scalars 0 < m < M and h = ^, one has 

(1 - u)AiUA 2 < 5'(/i)Ait)^A2, (2.1) 
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where S{h) = ^ Specht ratio and S'(l) = 1. By (I2.ip . we can easily obtain 

the following one for any positive unital linear map 

^>(Ai)S„^>(A 2 ) < (1 - + r;^>(^ 2 ) = ^((1 - v)Ai + vA^) < S{h)^{Ai%A 2 ). (2.2) 

Fujii et al.[8] showed the following reverses of the weighted arithmetic-geometric mean in¬ 
equality of n positive invertible operators due to Lawson and Lim: 

Theorem 2.1. For any integer n > 2, let Ai,A 2 , ■ ■ ■ ,An be positive invertible operators such 
that m < Ai < M for all i = 1,2, ■■ ■ ,n and some scalars 0 < m < M. Then for each t G (0,1) 

A[n,t]{Au--- ,An)< t]{Ai,-■ ■ , A^) (2.3) 

and 

A[n,t]{Ai, ■ ■ ■ ,An) < S‘^{h)G[n,t]{Ai,- ■ ■ ,An). (2.4) 

Fujii [9] and Lin [16] state a relation between the Specht ratio and the Kantorovich constant 
severally: For 0 < m < M and h = ^, 

< s\h). (2.5) 

It is obvious that ()2.3p is tighter than (12.4p via the inequality ()2.5I) . 

Seo |2T] presented the following inequalities for the n-variables in terms of the higher order 
weighted geometric mean due to Lawson and Lim, which are an extension and a converse of 
Ando’s inequality ^{A^tB) < $(A)ljt«h(B) (See O Theorem 4.1.5] and |3]) for a positive unital 
linear map <I> and t G [0,1], respectively: 

Theorem 2.2. Let ^ be a positive unital linear map on B{T-L) and let Ai,A 2 , ■ ■ ■ ,An G P” for 
any positive integer n > 2 on a Hilbert space H such that m < Ai < M for i = 1,2, ■ ■ ■ ,n and 
some scalars 0 < m < M. Then for each t G (0,1), 

^{G[n,t]{Ai, - ■ ■ ,An)) < G[n,t](4>(Ai), • • • ,4>(A„)) < 4>(G[n, t](Ai, • • • ,A„)). 

On the other hand, Bhatia [7j derive an inequality of the w-weighted Karcher mean of n 
positive dehnite matrices for any positive unital linear map 4* that 

^Gk{co;A^,--- ,A„))<Gk(u;;4>(Ai),--- ,$(A„)). (2.6) 

Also, Lim m obtained the above inequality via the power means. We will be engaged to show 
the reverse inequality of ()2.6p . 

Although the Ando-Li-Mahthias geometric mean does not coincide with the Karcher mean 
in general, Fujii and Seo |9| made a comparison between the Ando-Li-Mahthias geometric mean 
and the Karcher mean and also obtained an inequality for the Ando-Li-Mahthias geometric 
mean: 

Theorem 2.3. For any integer n > 2, let Ai,A 2 , ■ ■ ■ ,An be positive definite matrices in P 
such that m < Ai < M for all i = 1,2, ■■ ■ ,n and some scalars 0 < m < M. Then 

4?77 AT (TO AT\^ 

^G;,(Ai, ■ • • , AO < Galm{A^. • • • , AO < ^ , J Gk{A^, • • • , AO (2.7) 
(m-|-Al)^ AmM 

and 

Galm{A\, • • • , AO < Galm{Ai, • • • , AnY forall0<p<l. (2.8) 

The case of p > 1 about (12.81) will be one of motivations for our study. 
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3 The power means and Karcher mean 


It is well known that the Power means and Karcher mean are relevant via (11.,‘Ijl . In this section, 


we will obtain some generalized properties and inequalities with respect to the Power means and 
Karcher mean. 

Firstly, we list some important properties of the power means, some of which appeared in 




Proposition 3.1. Let K = ,An) £ , ■ ■ ■ ,A~^) £ P”, a weight 

vector uj = {wi,--- ,Wn) £ and t £ [—1,1] \ {0}. Then the power means satisfies the 
following properties: 

(PI) (Duality) P-t{uj] = Pt{uj]A); 

(P2) (Homogeneity) Pt{uj;aA) = aPfioj^A); 

(P3) (Continuous) limt_,.o P)(w; A) = Gi^(a;;A); 

(P4) ( APH weighted mean inequalities) — Pti'^]A) < 

(P5) Ift£ (0,1], then ^{Pt{iO] A)) < Pt(a;;$(A)) for any positive unital linear map <I>, where 
$(A) = ($(Ai),--- ,^{An)). Ifte [-1,0), then Pt(a;;$(A)) < 4>(Pt(w;A)) for any 
strictly positive unital linear map <1>; 

(P6) For t £ (0,1], 



Proof. We provide a proof of (P6). The other properties are known in |14l I15j . 
By the definition of the power means, let X = Pt(w; A) for t £ (0,1]. Then 


n 


n 


n 


HX = y^^Witv{XfitAi) < y~]wi(trX)^ ‘(trAj)* = (trX)^ ^'^wfitrAiY, 


1 = 1 


2=1 


2=1 


1 


where the inequality follows from the Corollary 9 of [22] , Thus, trX < (X])Li WitT{AiY^ ‘. 
Since n = tri < trA • trA“^ for an n-dimensional operator A > 0 (See [241 Theorem 6.2.2]), 



tr(P_i(a;; A)) = tr(Pt(a;; A ^) ^) > n (trPt(w; A ^)) > n ^ r(;i(trA. ^)* . □ 


2 = 1 



Remark 3.1. Let $(A) = 1^ for an n-dimensional operator A > 0 in (P5) when t £ (0,1] or 
by the first inequality in Provosition \3.1{ PO. As t —)• 0, by (11.31) . then we have 


n 


tr(GK(uj;A)) < JJ(trAj)'^£ 


Remark 3.2. Let ^(A) = 1^ in the Choi’s inequality $(A) ^ < $(A ^) for an n-dimensional 
operator A > 0 (See Theorem 2.3.6]). Then we have trA“^ > (trA)~^ . So we can obtain 

a stronger result than the second inequality in (P6) as follows: 


The next Proposition generalize properties (P6). 
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Proposition 3.2. Let Ai,A 2 , ■ ■ ■ ,An G P"" be n-dimensional operators such that m < Ai < M 
for i = 1,2, ■ ■ ■ ,n and some scalars 0 < m < M. Then for t G (0,1], 


tr(Pi(a;;A)) > 


AmM 

(m + M)2 ^ 




2=1 


(3.1) 


and 


tr(P_t(a;; A)) < 


2 ({m + M) 


2\1+7 / ^ 


AmM 


Y^w,(aApf 


\ 2=1 


Proof. By Theorem 12.21 with n = 2, the following inequality 


4.(.4)|t,$(B) < 


1 

t 


holds. Let $(A) = 1^ for A > 0 in the above inequality and X = Pt{io-,A) for t G (0,1] in the 
definition of power means. Then 


n 

trA = 

i=l 


> 


AmM 
[m + M)2 


y~]u;i(trA)^ *(trAj)* 
2 = 1 


AmM 
[m + M)2 


(trA)l-*^u;i(trAi)^ 

2=1 


therefore, 


{tiXf > 


AmM 
{m + MY 


n 

'^WiYiAif. 

2=1 


Taking <h(A) = 1^ in the Kantorovich inequality <i>(A ^ loi’ ^ > 0(See 

O Proposition 2.7.8]), we have 


trA"^ < 


re^(m + MY 

AmM 


(trA)-i 


for A > 0. 


Hence, 


tr(P_t(a;; A)) = tr(Pf(a;;A ^) ^) 
n^{m + MY 


< 


(tr(Pt(a;;A ^))) ^ 


AmM 




AmM 


□ 


^ 2=1 


Remark 3.3. By (12.21) and a similar way as in the proof of Provosition flOl we derive 


tic{Pt{uj-,A)) > is{h) ^'^WiitiAiY 

\ i=i 


From (ESI), we know that the above inequality is sharper than (I3A]). 
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Theorem 3.1. Let ^ be a positive unital linear map on B(T-L) and let Ai,A2, ■ ■ ■ ,An G P"" for 
any positive integer n > 2 on a Hilbert space H such that m < Ai < M for i = 1, 2, • • • , re and 
some scalars 0 < m < M. Then for t G (0,1], 

(3.2) 

i=l 


and 

\2 = 1 

Proof. By the Kantorovich inequality (See [5l Proposition 2.7.8]) and the APH weighted mean 
inequalities (P4), we can easily obtained that 



- 1 ' 




2 = 1 
and 


^ 2=1 


v.2=l 


AmM 


Pt{u]^K)) <^Wi^{Ai) < ^ i^wMAi) 


-1 


-1 


i=l 


AmM 


□ 


V 2=1 


Note that Theorem 13.11 generalize the APH weighted mean inequalities (P4) and by (|1.3I) . 
the Karcher mean satisfies the AKH weighted mean inequalities (See |15j ) 


-1 


( ^ WiA^ M < Gk(w; A) < ^ WiAi. (3.3) 

Vi=l / i=l 

By (jl.3p and Theorem l3.ll we generalize the AKH weighted mean inequalities (j3.3p as follows: 
Corollary 3.1. Under the same conditions as in Theorem \S.ll then 




2 = 1 


AmM 


(3.4) 


and 

Theorem 3.2. Let ^ be a positive unital linear map on B(fH) and let Ai, A 2 , • • • ,An G P"" for 
any positive integer re > 2 on a Hilbert space H such that m < Ai < M for i = 1, 2, • • • , re and 
some scalars 0 < m < M. Then 

Pt{u;-,m)) < ^^^^^^‘&(Ht(a;;A)) for t G (0,1] (3.5) 

and 

< ^^^^i^Pt(a;;$(A)) for t G [-1,0). 
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Proof. For t G (0,1], by the weighted APH mean inequalities and (|3.2p . it follows that 
«(i^;-i>(A)) < A)). 

i=l 

Let t G [—1,0) and let be a strictly positive unital linear map. By the Kantorovich inequality 
(the reverse of Choi’s inequality) (See [3 Proposition 2.7.8]), $(A“^) < <1>(A)~^ for all 

A > 0 and (13.51) . we have 


kP-tioo-, $(A)-1) = P_i(w; fc$(A)-^) < P_t{uj; d>(A-i)) < k<^{P-tioj; A"^)), 
where k = and <1>(A)“^ = (<l>(Ai)“^, • • • , <^(A„)“^). Therefore, 

P_t(a;;d>(A)-i) < A’^)). 


This implies that 

d>(P_t(a;;A-i)-^) < A:d>(P_t(a;; A’^))-! < kP.t{oJ-M^)~^)~^■ 

By (PI), we obtain the desired inequality 

HPt{u:-A)) < ^^^^i^Pt(a;;^(A)). □ 

By dOD and Theorem 13.21 we show a reverse inequality of (12.6p for n positive invertible 
operators as follows: 

Corollary 3.2. Under the same conditions as in Theorem \3.B. then 

GK{u;;m)) < HGk{co;A)). 

Next, we are devoted to obtain several higher power inequalities which are related to in¬ 
equalities (13. 2j) and (|3.4p . In order to do that, we need two important lemmas. 

Lemma 3.1. Lemma 2.1] Let A, B > 0. Then the following inequality holds: 

||AB||<i||A + Bf. (3.6) 

Lemma 3.2. |3 p. 28] Let A, B > 0. Then for 1 < r < -|-oo, 

||A^ + Bni < ||(A + B)n|. (3.7) 


It is well known that ||A|| < 1 is equivalent to A*A < I. This fact plays an important role 
in the proof of theorems. 

Theorem 3.3. Let ^ be a positive unital linear map on B{TL) and let Ai, A 2 , • • • , A„ G P” for 
any positive integer n > 2 on a Hilbert space TL such that m < Ai < M for i = 1, 2, • • • , n and 
some scalars 0 < m < M. Then for t G (0,1] and p>2, 


and 


i=l 


^{Y,WiAi)P< 

i=l 


{m + MfP 
WmPMP 

{m + M)‘^P 


^{Pt{io;A))P 


Pt(a;;$(A))C 


(3.8) 


16mPMP 


(3.9) 










Proof. It is known that (13.8p is equivalent to 




2=1 


p p 

AmiM 2 


If p > 2, then 

n 

\\M2m2^C^WiAi)2^{Pt{uj-,A)y 


2=1 


<-\\^(^WiAi )2 + M 27712 ^{Pt{uj-, A)) 2||2 (by dMl)) 


2=1 


< 


jW-^C^WiAi) + Mm^{Pt{uj-,A)) (by dMI)) 


< 


2=1 

n 


-||<h(^ uijAj) + Mm^{Pt{uj-, A) ^)P (by the Choi’s inequality) 


2=1 

n 


- -^W^i^WiAi) + Mm^C^WiA^ pp (by (P4)) 
2 = 1 2 = 1 


< 


(M + mf 


The last inequality above holds as follows: The condition 0 < m < Ai < M implies that 


Ai + AlmA- ^ < M + m. 

Therefore, the following inequality 

n n 

<I>(y^ WjAi) + Mm<h('y~] WjAyy < M + m (3.10) 

2=1 2 = 1 

holds for any positive unital linear map and oo = {wi, • • • , Wn) G A„. Thus, (13.8p holds. 

The inequality (13.Op is equivalent to 

||4.(X;«.<A,)ip.(.;$(A))-5||<p±(p. 

^ 4m 2 M 2 

2 = 1 

To prove (|3.9I) . by computing, we have 

n 

\\AI2WiAi)^Pt{u}; ^(A))“21| 

2=1 

1 ^ 

- 4>(A))“5p (by (|3^ ) 

2=1 

1 "" 

- + MmPt{oJ\ 4>(A))~^P (by ([321)) 


2=1 


^ n n 

< ^||$(^u;iA0 + Mm^u;,4>(A,)-i^ (by (P4)) 


2=1 

n 


2=1 


< 


< 


2 ||$(^tCjAj) + Mm^(^^WiA- ^)P (by the Choi’sinequality) 


2=1 

(M + m)P 


2 = 1 


(by (I3in|)) 
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Thus, (13.9p holds. □ 

By (II.3p . we obtain the following results about the Karcher mean and the arithmetic mean 
for any positive unital linear map. 

Corollary 3.3. Under the same conditions as in Theorem 3.1, then 


i=\ 


(m + MfP 
IQmPMP 


^{Gk{^-K)Y 


and 

By Theorem 13.31 
Remark 3.4. For p 


< (m + M)^P 
’ - IQmPMP ^ ^ 

2=1 

Corollary 13.31 and the Loewner-Heinz inequality, we have 
G (0, 2], we have 



^{Y.w,A,Y< 

2=1 

n 

<^{Y,y^^A,Y< 

2=1 

n 


2=1 


and 


^{^w,A,Y< 


i=l 


APmPMP ^ 

(3.11) 

Pt{u:-^{A)Y, 

APmPMP ^ \ ^ 

(3.12) 

APmPMP ^ ’ 

(3.13) 

{m + MY^ 

Pr^MV G*-(-;1>{A)F. 



Theorem 3.4. Let ^ be a positive unital linear map on B(T-L) and let Ai,A 2 , ■ ■ ■ ,An G for 
any positive integer n > 2 on a Hilbert space H such that m < Ai < M for i = 1, 2, • • • , re and 
some scalars 0 < rre < M. Then for t G (0,1], 1 < a < 2 and p > 2a, 


2=1 


{k 2 (M" + m“)) 1 
l6MPmP 


^{Pt{u;;A)Y 


(3.14) 


and 


2=1 


{k 2 (M“ + m")) a 
IQMPmP 


Pt(a;;4>(A))P. 


Proof. It follows from the inequality (13.111) that 


(3.15) 


n 

$(Pf(w;A))-“ < k^^C^WiAi)-^ for 1 < a < 2. (3.16) 

2=1 


It is known that (I3.14P is equivalent to 


||[<I>(^re;iA0 = <I>(Pt(a;;A))-i 

2=1 


< 


{k 2 (M“ + m ^))« 

P £ 

AM 2 7712 
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If p > 2a, then 


||M2m2<h(^ Wi744)2<h(Pt(ti;; A)) 2 1| 

1 "" 

< -\\ki^{^^WiAi)2 +/c“4M2m2<I)(Pj(iv; A))“2 ||2 (by (is.gD ) 

2=1 

1 "" 

< -||A:t^(^w;iAi)" +A:-tM"m"^>(Pi(w;A))-"||^ (by M I 

2=1 

1 n n 

< + (by ^M) 

2=1 2=1 

^ /t2(M" + m“)^ 

- 4 ■ 

The last inequality above holds as follows: The condition m < Ai < M implies that m“ < 

n 

^ M". Therefore, the following inequalty 

2=1 

n n 

4>(^ WiAi)° + WiAi)-^^ <M°‘+m°‘ 

2=1 2=1 

holds for any positive unital linear map and a weight uj = {wi, ■ ■ ■ ,Wn) G A„. Thus, (I3.14|) 
holds. 

By a similar argument, (j3.15l) can be derived from the inequality (I3.12p . □ 


Taking a = 2 in Theorem 3.4, we have 

Corollary 3.4. Under the same conditions as in Theorem\3.4[ then for p > 4, 


and 




2=1 


16 MPmP 


•i‘(E»iA)-<A(A^p,(-;f(A)r. 


i=l 


IQMPmP 


(3.17) 


(3.18) 


Remark 3.5. If ^ < 2 + \/3, we have k{M‘^ + m?) < (M + m)^, so (j3.17p and (j3.18p are 
sharper than (I3.14p and p3.15p for p > 4, respectively. 

Note that we can also generalize the inequality (I3.14p . (I3.15D . (13.171) and (13.181) to the Karcher 
mean by (jl.3p similarly. 


4 Weighted arithmetic and geometric means due to Lawson and 
Lim 

In 2006, Yamazaki [25] obtained a converse of arithmetic-geometric means inequality of n- 
operators via Kantorovich constant by induction on re. Soon after, Fujii el al. [8] also proved a 
stronger reverse inequality of the weighted arithmetic and geometric means due to Lawson and 
Lim of re-operators by the Kantorovich inequality in Theorem 12.II 

In this section, we obtain the higher-power reverse inequalities of the weighted arithmetic 
and geometric means due to Lawson and Lim of re-operators, and several complements of the 
weighted geometric mean for re-variables have been established. 
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Theorem 4.1. For any positive integer n >2, let Ai, A 2 , • • • , An he positive invertible operators 
on a Hilbert space H such that m < Ai < M for i = 1, 2, • • • , n and some scalars 0 < m < M. 
Then for p>2, 


A[n,f\{Ai, • • • ,Any < 


(m + M)2P 
WmPMP 


G[n,f\{Ai,- 


,Anr. 


Proof. Let a map 'L : BCH) 0 • • ■ © B{'H) B{'H) 0 • • • © B{'H) be defined by 


4- 


/ Ai 

V 0 


0 


Ar. 


( t[n]iAi-\ - \-t[n]nAn 0 

\ 0 t[n]iAi-\ - \-t[n]nAn 


(4.1) 


Then 4' is a positive linear map such that '!'(/) = I. The condition 0 < m < Ai < M for 
i = 1, 2, • • • , n implies that 


m 

1 I 

0 \ 

< 

(A, 

0 \ 

< M 

1 I 

■1 


V 0 

I) 


V 0 

An 


1 0 

I ) 


By (2.3) in [IT], we have 



( 

0 \ 



0 \ 


/ I 

0 \ 

4- 



0 Mm^! 



< (M 0 m) 




I 0 

An 


I 0 

} 


I 0 

1 ) 


Thus, 

A[n,f\{Ai, ■ ■ ■ ,An) + MmA[n,t]{Af^, ■ ■ ■ ,An^) <m + M. (4.3) 

On the other hand, by computing, we deduce 


\\M2m2A[n,t]{Ai,- ■ ■ ,Anf^G[n,t]{Ai,--- ,An) 2 1 | 

< ^\\A[n,t]{Ai, - ■ ■ ,An )2 + M2rrnG[nH]{Ai, ■ ■ ■ ,^„)“2||2 (by ([32|)) 

< ^\\A[n,t]{Ai, - ■ ■ ,An) + MmG[n,f\{Ai,--- ,An)~^\\^ (by ([321)) 

= ,An) + MmG[n,t]{Af^,--- 

< - , An) + MmA[n,t]{Af^ ,■ ■ ■ (by ([MD) 


< 


(M 0 m)P 
4 


• (by (1131)) 


The equality above follows from the self-duality of the geometric mean (See |2l[8l[25]). □ 

Taking p = 2, ()4.1I) implies the following corollary: 


Corollary 4.1. For any positive integer n > 2, let Ai, A 2 , ■ ■ ■ , An he positive invertible operators 
on a Hilbert space H such that m < Ai < M for i = 1,2, ■ ■ ■ ,n and some scalars 0 < m < M. 
Then 

A[n,t]{A^,-- - ,An)^ < t]{A^, ■ ■ ■ , An)\ (4.4) 

Note that if t = b, the inequality (|4.4p reduces to Lin’s result (See [TH] Theorem 3.2]). 
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Theorem 4.2. For any positive integer n >2, let Ai, A 2 , ■ ■ ■ , An he positive invertible operators 
on a Hilbert space H such that m < At < M for i = 1, 2, • • • , n and some scalars 0 < m < M. 
Then for 1 < a < 2 and p > 2a, 


,2£ 


,A^r< G[n. t](Ai,-■ ■ ^A^f, (4.5) 


IQMPmP 


inhere k — 
wnere k. — . 


Proof. Let a map 4' : B{H) © ■ ■ ■ © B{H) B{H) © • • • © B{H) be defined as in the proof of 
Theorem 14.11 By (14.2p . we have 


(I 

o\ 


< 

V 0 

11 V 


\ 

(I 


< M" 

u 

,) 


that is, 


m" < A[n,t]{Ai, ■ ■ ■ ,An)'^ < M“. 


By (2.3) in [H], we have 


• • • ,An)'^ + M°‘m°‘A[n,t]{Ai, ■ 


,An)~‘^ < m^ + M^. 


On the other hand, by (j4.4p . 




,An) < A[n,t]{Ai,-- - ,An) ". 


(4.6) 


(4.7) 


By computing, we deduce 

\\k~^m^Mi A[n,t]{Ai, - ■ ■ , An)iG[n,t]{Ai, - ■ ■ ,An)~i 



■■■,AnYi+k ^imiMiG[n,t\{Ai,-■ ■ 


,■■■ ,AnT + k-<^m^M^G[n, t]{Ai,--- 


• • • , 4l„)" + t]{Ai,--- 


■■■ ,An)°‘ + m°‘M'^A[n, f\{Ai,--- ,An 

^ (M“ + m")P 

— A 

(by dm])) 


,An) 2 


(by dSD) 


||2 


AnY 


We obtain the desired result. 

Putting a = 2 in the inequality (|4.5I) . which implies that 
Corollary 4.2. Under the same conditions as in Theorem \4.^ then for p > 4, 

Aln,t](Ai,.-- h2L±^»!G[n,(](Ai,... ,A„)». 


□ 


(4.8) 


Remark 4.1. When ^ <2 + \/3, it is easy to see that (14.8p is sharper than (j4.ip for p > 4. 

Next, we show the complements of the weighted geometric mean due to Lawson and Lim by 
virtue of the following lemma. 
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Lemma 4.1. For any integer n > 2, let ,An be positive invertible operators in P 

such that m < Ai < M for all i = 1,2, ■■ ■ ,n and some scalars 0 < m < M. Then 

A[n,f\{A^^, • • • ,AP) < K{m,M,p)A[n,t]{Ai,- ■ ■ ,AnY for all p>l, (4.9) 

where K{m, M,p) = — (M-m)(mM^MmP )p-^ generalized Kantorovich constant. 

Proof. By Corollary 2.6 in [18] . 

< K{m,M,p)^{AY for all p>l. 

Let the map $ : B{TL)®- ■ B{'H)®- ■ ■®B{TL) be defined as 'h in the proof of Theorem 

14.11 Then for p > 1, 

A[n,t]{A\,--- ,AP) < K{m,M,p)A[n,t]{Ai, - ■ ■ ,AnY. □ 

Theorem 4.3. For any integer n >2, let Ai,A 2 , ■ ■ ■ ,An be positive invertible operators in P 
such that m < Ai < M for all i = 1,2, - ■ ■ ,n and some scalars 0 < m < M. Then 

G[n,t]{Al,-■ ■ ,AP) < K{m,M,p) ^^'^^lJ^ ^[n, for all 1 <p<2, 

and 

G[n,t]{Al,--- ,AP) < K (m, M, p) G*[n, t] (^i, • • • .KY for all p>2. 

Proof. By the arithmetic-geometric mean inequality and (|4.9I) . it follows that 
G[n,t]{Al,-- ■ ,AP) < A[n,t]{A^,-- ■ ,AP) < K{m,M,p)A[n,t]{Ai,-■ ■ ,AnY for p>l. (4.10) 
For p G (1;2], it follows from (14.4p and the Loewner-Heinz inequality that 

A[n,t]{Ax,--- G[n,t]{Ax,--- ,A^Y- 

Combining these inequalities above, we have 

G[n,t](Af,--- ,APY) < K{m,M,p) ^^^'^^^ G[n,t](^i, • • • ,AnY- 
For p G [2,oo), from (14.Ih and (I4.10|) . we obtain 

G[n,t]{AP,--- ,APJ<K{m,M,p)^-^^£^G[n,t]iAx,--- ,AnY. □ 

In the following remark, we present the case of p > 1 about (12.811 for the Ando-Li-Mahthias 
geometric mean. 

Remark 4.2. Let t = ^ in Theorem \4.3[ Then 

Galm{A\,--- ,AP) < K{m,M, p) Galm {Ai,-- - ,AnY for alll<p<2 

and 

Galm{A\,--- ,AP^) < K{m,M,p)^-^^—^^j^GALMiA, - ■ ■ ,^nY for all p > 2. 
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Theorem 4.4. For any integer n > 2, let Ai,A 2 ,--- ,An he positive invertible operators in 
such that m < Ai < M for all i = 1,2, ■■ ■ ,n and some scalars 0 < m < M. Then 


G[n,t]{AP,--- ,AP)p <k{ 


for all 1 < ^ < 2 and p > 1, and 


si / Os i 

p\ p ( (m'^ + “J 

4m9M9 


G[n,t]{Al,--- ,Al)<^ 


G[n,t]{AP,--- ,APJp < A-pK m\M\ 


p\ p ({m^ + ^ “J 

~mdW~ 


G[n,t]{Al,--- ,Af)<i 


for all P >2 and p > 1. 

Proof. For each 0 < q < p, it follows from the arithmetic-geometric mean inequality (jl.ip and 
(14.91) that 

G[n,t]iAP,--- ,APJ<A[n,t]{AP,--- ,APJ 

= A[n,mAl)l,--- ,iAf)l) 


<K{m‘^,M<^,^jA[n,t]{Al,--- ,Al) 


(4.11) 


On the other hand, for 1 < ^ < 2, from 


and m'^I < Af < M^I, it follows that 


E / {mT + \ 


A[n,t]{A\, ■ ■ ■ ,Af)i < 

Combining the two inequalities above, we obtain 


G[n,t]{Al--- ,Al)l 


G[n,t]{AP,--- ,APJ <K ^ ^ 

^ ^ riJ - y , qj \ AmiMi 

By the Loewner-Heinz inequality and p > 1, it follows that 


p\ f {m^ -|- 9 


G[n,t]{Al,--- ,Af)i. 


G[n,t]{A^,--- ,AP)p <K I 


I 1 

p\p (^ t 

AmiM'J 


G[n,t]{Al,--- ,Al^)<i. 


Similarly, for all - >2, from we have 


A[n,t]{Al--- ,Al)l <A- 
Combining with (14.lip , we obtain 

G[n,t]{AP,--- ,APJ<A-^Klm<i,M<i 


-2 f \ 'S' 


ml Ml 


G[n,t]{Al,--- ,Af)T 


p\ f {ml + 

miMi 


G[n,t]{Al,--- ,Af)<i. 


It follows from p > 1 that 

G[n, t]{A\, ■ ■ ■ , A^)p < A~pK ( Af^, 
This completes the proof. 


si / Os i 

p\pf {m^ + M'^Y \ <i 


miMi 


G[n,t]{Al,--- ,Al)^. 


□ 


= S{hP)p (See f^), we can not 


Remark 4.3. Although liuig^Q G[n, t]{Al,-■ ■ ,An)‘i = <C>(tD; ^i, • • • ,An) (the chaotic geometric 

1 1 

mean), limg^o " = 1 and Huig^o K 

obtain 

,APY)P < S{hP)pf^{Lb-,Ai,--- ,An) 

for all p > 1 from Theorem\4.4[ 
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5 Comparisons between the weighted Karcher mean and the 
Lawson-Lim geometric mean 

In the final section, we make comparisons between the weighted Karcher mean and the Lawson- 
Lim geometric mean for higher power. This is a fascinating work because the order relation can 
be preserved between higher power operators by the Kantorovich constant. 

Lemma 5.1. Let 0 < m < A < M and A < B. Then 

< (E±^b^. 

4Mm 

Lemma 5.2. f71]/ Let A and B be positive invertible operators on a Hilbert space H satisfying 
B > A > 0 and 0 < m < A < M. Then 

mY~^ 

— BP > K(m, M,p)BP > AP 
m ) 

holds for any p > 1, where K{m, M,p) is the generalized Kantorovich constant or the Ky Fan- 
Furuta constant and 

'M\P-^ 

— ) > K(m, M,p). 

m ) 

Theorem 5.1. For any positive integer n>2, let Ai, A 2 , • • • , An be positive invertible operators 
on a Hilbert space H such that m < Ai < M for i = 1, 2, • • • , n and some scalars 0 < m < M. 
Then 


(m + My 
4mM 


2\ -3 


G[nH]{Al,--- ,Anf < GkYYi:--- Ynf 

(m + My ^ ^ 


< 


4mM 


(5.1) 


G[n,t]{Ai,--- ,An) , 


where Cj = (t[n]i, t[n] 2 , • • • , t[n]n)- 


Proof. The first inequality in m follows from Lemma 15.11 the arithmetic-geometric mean 
inequality (11.11) and (I3.13|) with p = 2 and an identity map <h that 

G[n, t]{Ar,--- ,Any< • • • , Anf 


< 


4mM 

{m + My / {m + My^ ^ 


4mM 


4mM 


GkY, Ai, - ■ ■ , Any 


The second inequality in (j5.1h follows from Lemma 15.11 and (I4.4jl that 

2 / (m My 


GkY, Al^ ' ' ' lAn) < 


4mM 


-A[n,t]{Ai, • • • ,Any 


< 


(m + My / [m + M) 


4mM 


2\ 2 


4mM 


G[n,t]Ai,--- ,Any 


□ 


Theorem 5.2. For any positive integer n>2, let Ai, A 2 , • • • , An be positive invertible operators 
on a Hilbert space H such that m < Ai < M for i = 1,2, ■ ■ ■ ,n and some scalars 0 < m < M. 
Then 

GkY, Ai, • • • , An)P < K(m, M,p)^±^G[n, t](Ai, • • • , An)P for all 1 < p < 2 (5.2) 
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and 


Gk{u},Ai,--- ,Anf < K{m, M,p)^^^^^^G[n,t]{Ai, - ■ ■ ,AnY for all p>2. (5.3) 

Proof. By the Loewner-Heinz inequality and (14.4p . we have 

A[n,f\{Ai,-- • ,Anf < G[n,f\{Ai,-- ■ ,Anf for all l<p<2. (5.4) 

It follows from Lemma 15.21 and (j5.4l) that 

Gk{uj,Ai, ■ ■ ■ ,Any < K(m,M,p)^[n,t](^i, • • • , A)^ 

< K(m, M,p) ^^p^j^p G[n, t](^i, • • • ,^n)'’. 

The inequality (15.3p follows from Lemma 15.21 and (14.ip that 


GK{dj,Ai, ■ ■ ■ ,AnY < K{m,M,p)A[n,t]{Ai, ■ ■ ■ ,AnY 

<K(m,M,p)-^-^— G[n,t]{Ai,---,AnY- D 

Remark 5.1. When p = 2, the inequality (15.2p is equivalent to the second one in (15.11) . So 
(1521) generalize the second inequality in dSU). When p = l,t = ^, the inequality (15.2p reduces 
to the first one in 

Next, we make a comparison of the weighted Karcher mean and the Lawson-Lim geometric 
mean for unitarily invariant norm by virtue of the following lemma. 

Lemma 5.3. |3, Lemma 3.2] Let A and B be positive invertible operators on a Hilbert space H. 
If A < B, then there exists a unitary operator U such that A^ < LfB^U* for all p > 0. 

Theorem 5.3. For any positive integer n >2, let Ai, A 2 , ■ ■ ■ , An be positive invertible operators 
on a Hilbert space H such that m < Ai < M for i = 1,2, ■ ■ ■ ,n and some scalars 0 < m < M. 
Then 

\\\Gk(u,Ai,--- ,A„)>’|ll<K(m,M,p)LLL^|||G[„,t](.4i,... ,.4„)P||| 

for p > 1 and every unitarily invariant norm 111 • 111. 

Proof. By Theorem 12.11 and Lemma 15.31 there exists a unitary operator U such that 
A[n,t]{A,,--- ,AnY<(^ ^'^^^^^y UG[n,t]iAu--- ,AnYU*. 

Combining Lemma 15.21 with the above inequality, we have 


Gk{(L,Ai,--- ,AnY < K{m,M,p)A[n,f\{Ai,--- ,AnY 


< K(m, M,p) 


/ (m + MY 
4mM 


\G[n,t]{Ai,--- ,AnYU*. 


□ 
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